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The time evolution of the density R ¼ Rðt; xÞ and the velocity ~u ¼~uðt; xÞ of
a general barotropic ﬂuid occupying a bounded spatial domain O RN is
governed by the Navier–Stokes system:
@tRþ divðR~uÞ ¼ 0; ð1:1Þ
@tðR~uÞ þ divðR~u~uÞ þ rpðRÞ ¼ mD~u þ ðlþ mÞrðdiv~uÞ þ R~f : ð1:2Þ
Here p is the pressure, m; l are the viscosity constants satisfying
m > 0; lþ m50;
and ~f ¼ ~f ðt; xÞ stands for a given external force density}a bounded and
measurable function of the time t 2 ð0; T Þ and the spatial coordinate x 2 O:
For deﬁniteness, the system is complemented by the no-slip boundary
conditions:
~uj@O ¼ 0: ð1:3Þ
Our aim is to prove compactness of bounded solutions to problem (1.1)–
(1.3) on condition that the pressure p is related to the density R by a general
constitutive law p ¼ pðRÞ where p is continuous on ½0;1Þ; pð0Þ ¼ 0;
p locally Lipschitz on ð0;1Þ; and
p0ðzÞ5azg1  b for a:a: z 2 ð0;1Þ;
pðzÞ
z
non-decreasing for z5z0;
ð1:4Þ
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EDUARD FEIREISL98where a > 0; b50; z0 > 0;
g >
N
2
: ð1:5Þ
Hypothesis (1.4) allow for the Van der Waals type pressure–density
relation frequently used in the phase-transition models. Non-monotone
constitutive laws for the pressure are also used in simple models of nuclear
ﬂuids (cf. [2]).
Taking the scalar product of (1.2) with ~u and integrating by parts we
deduce the energy inequality
d
dt
EðtÞ þ
Z
O
mjr~uj2 þ ðlþ mÞjdiv~uj2 dx4
Z
O
R~f ~u dx; ð1:6Þ
where the total energy E is given by the formula:
E ¼ E½R;~uðtÞ ¼
Z
O
1
2
Rj~uj2 þ P ðRÞ dx
and
P ðRÞ ¼ R
Z R
1
pðzÞ
z2
dz:
Following [5] we shall say that R; ~u is a finite energy weak solution of
problem (1.1)–(1.3) on ð0; T Þ  O if
* the density R is a non-negative function and we have
P ðRÞ 2 L1ð0; T ; L1ðOÞÞ; ~u 2 L2ð0; T ;W 1;20 ðOÞÞ;
* the total energy E is locally integrable on ð0; T Þ and the energy
inequality (1.6) holds in D0ð0; T Þ;
* the continuity equation (1.1) holds in D0ðð0; T Þ  RN Þ provided R; ~u
are prolonged to be zero outside O; in addition, (1.1) is satisﬁed in the sense
of renormalized solutions, i.e.,
@tbðRÞ þ divðbðRÞ~uÞ þ ðb0ðRÞR bðRÞÞdiv~u ¼ 0 in D0ðð0; T Þ  RN Þ ð1:7Þ
for any function b 2 C1ðRÞ such that
b0ðzÞ ¼ 0 for all z large enough; say; z5M ; ð1:8Þ
* the pressure pðRÞ is integrable on ð0; T Þ  O and the equations of
motion (1.2) hold in D0ðð0; T Þ  OÞ:
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(1.3) driven by ~f n and satisfying
ess lim sup
t!0
E½Rn;~unðtÞ4E0; ð1:9Þ
ess sup
t2ð0;T Þ; x2O
j~f nðt; xÞj4F ; ð1:10Þ
where both (1.9) and (1.10) hold independently of n:
The goal of the present paper is to show the following result.
Theorem 1.1. Let O RN ; N52 be a bounded Lipschitz domain. Let
the pressure p comply with Hypothesis (1.4), where
g > N=2:
Let Rn; ~un be a sequence of finite energy weak solutions of problem (1.1)–(1.3)
with ~f ¼ ~f n such that (1.9), (1.10) hold independent of n: Moreover, let
Rnð0Þ ! R0 strongly in L
1ðOÞ: ð1:11Þ
Then there are subsequences (not relabeled) such that
Rn ! R strongly in L
1ðð0; T Þ  OÞ;
~un !~u weakly in L2ð0; T ;W
1;2
0 ðOÞÞ;
(
where R; ~u is a finite energy weak solution of (1.1)–(1.3) on ð0; T Þ  O with
force ~f }a weak limit of ~f n in L1ðð0; T Þ  OÞ:
Remark. The density component R of any ﬁnite energy weak solution is
a weakly continuous function of t 2 ½0; T  with values in LgweakðOÞ and,
consequently, (1.11) makes sense. In fact, R being a renormalized solution of
(1.1) is continuous (as a function of time) in LaðOÞ for any 14a5g:
The ﬁrst compactness result for problem (1.1)–(1.3) was proved by Lions
[8] (modulo the boundary estimates obtained in [7, 9]) on condition that p is
a nondecreasing function of the density and such that pðRÞ  aRg for large R
where g53
2
for N ¼ 2 and g59
5
for N ¼ 3: The growth conditions were
relaxed in [4] where compactness is proved for g > 3
2
for N ¼ 3: Our aim here
is to treat the case of a non-monotone pressure–density relation allowed by
(1.4).
Compactness results like Theorem 1.1 seem to be the crucial ingredient of
any proof of global existence of ﬁnite energy weak solutions starting from
EDUARD FEIREISL100general initial data
Rð0Þ ¼ R050; ðR~uÞð0Þ ¼~q;
satisfying the compatibility conditions
~q ¼ 0 a:a: on the set fR ¼ 0g;
and with ﬁnite energy
E0 ¼
Z
O
1
2
j~qj2
R0
þ P ðR0Þ dx:
Indeed the approximation scheme used in the existence proof given in [5] can
be modiﬁed to accommodate a general pressure law as in (1.4)–(1.5). The
corresponding existence results have been obtained only recently in [3,
Theorem 1.1].
Similarly as in [4], our approach is based on careful analysis of two defect
measures:
oscpðQÞ½Rn  R ¼ sup
k51
lim sup
n!1
jjTkðRnÞ  TkðRÞjjLpðQÞ
 
ð1:12Þ
and
dft½Rn  RðtÞ ¼
Z
O
R logðRÞðtÞ  R logðRÞðtÞ dx: ð1:13Þ
Here Tk are cut-off functions deﬁned as
TkðzÞ ¼ kT
z
k
 
; k51
with T 2 C1ðRÞ;
T ðzÞ ¼ z for z41; T ðzÞ ¼ 2 for z53; T concave on R;
and bðvÞ denotes a weak ðL1Þ limit of a sequence bðvnÞ:
Modifying slightly the arguments of [4] we show that
oscgþ1ðð0; T Þ  OÞ½Rn  R51:
Since g > 1; this implies that the limit functions R; ~u satisfy (1.1) in the sense
of renormalized solutions (cf. [4, Proposition 7.1]). Unlike in [8], the density
need not be square integrable to obtain this conclusion.
If p is non-decreasing, the quantity dftðtÞ is a non-increasing function of t
(see [8]). In particular, Hypothesis (1.11) implies dft  0 which is equivalent
to strong convergence of fRng: In other words, there are no oscillations in
the density unless there were at the initial time. In fact, one can show a
uniform time decay of dft provided p is a non-negative and convex function
COMPRESSIBLE NAVIER–STOKES EQUATIONS 101(see [6]). Here, we shall show that dft satisﬁes a Gronwall-type inequality
which allows us to conclude dft  0: Thus, the oscillations of the density are
not damped out but they still cannot be created unless we introduce them in
the sequence of initial data.
2. BASIC A PRIORI ESTIMATES
In this section, we review some estimates of the sequence Rn; ~un that can
be deduced from the energy inequality.
To begin with, it is a routine matter to see that (1.9) and (1.10) together
with energy inequality (1.6) yield the following bounds.
Lemma 2.1. Under the hypotheses of Theorem 1.1, there is a constant
c ¼ cðE0; F ; T Þ such that
ess supt2ð0;T Þ
R
O P ðRnðtÞÞ dx;
ess supt2ð0;T Þ
R
O RnðtÞj~unðtÞj
2 dx;R T
0
R
O jr~unj
2 dx dt
8><
>:
9>=
>;4cðE0; F ; T Þ ð2:1Þ
independent of n:
In particular, Hypothesis (1.4) yields:
Corollary 2.1. Under the hypotheses of Theorem 1.1, we have
ess sup
t2ð0;T Þ
jjRnðtÞjjLgðOÞ4cðE0; F ; T Þ ð2:2Þ
independent of n:
The following assertion is an easy consequence of (1.2), the H .older
inequality, and Hypothesis (1.5).
Lemma 2.2. Let
q1 ¼
2g
g 1
; q2 ¼
g
g 1
and
q3 >
2Ng
2g N
be given.
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0
Z
O
pðRnÞ div~v dx dt


4cðE0; F ; T Þðjj@t~vjjL1ð0;T ;Lq1 ðOÞÞ þ jj~vjjL1ð0;T ;Lq2 ðOÞÞ þ jjr~vjjL2ð0;T ;Lq3 ðOÞÞÞ
for any test function v 2 Dðð0; T Þ  OÞ:
Taking Lemma 2.2 for granted, we can take the test function ~v in the
form
~vðt; xÞ ¼ Ste½cðtÞBfjðxÞS
x
e ½beðRnÞg;
where c 2 Dð0; T Þ; j 2 DðOÞ; Ste; S
x
e are deﬁned as
Ste½vðt; xÞ ¼
Z
Zeðt  sÞvðs; xÞ ds; S
x
e ½vðt; xÞ ¼
Z
Weðx yÞvðt; yÞ dy
with regularizing kernels Ze; We; and B div
1 is the so-called Bogovskii
operator, speciﬁcally, a suitable chosen branch of solutions ~w ¼ Bff g of
the problem
div ~w ¼ f 
1
jOj
Z
O
f dx; ~wj@O ¼ 0:
(see [7] for more details on the properties of B).
The non-linearities be are as in (1.8) and such that
jbeðzÞj41þ jzjy independent of e > 0; y > 0:
Now, Lemma 2.2 can be used along with the estimates presented in [7] to
let e! 0 and to deduce the estimate:Z T
0
Z
O
pðRnÞR
y
n dx dt4cðE0; F ; T Þ 1þ
Z T
0
Z
O
pðRnÞ dx dt
 
for a certain y ¼ yðN Þ > 0: This yields immediately the following result.
Proposition 2.1. Under the hypotheses of Theorem 1.1, there exist
constants y ¼ yðN Þ > 0 and c ¼ cðE0; F ; T Þ such thatZ T
0
Z
O
pðRnÞR
y
n dx dt4cðE0; F ; T Þ ð2:3Þ
independent of n:
COMPRESSIBLE NAVIER–STOKES EQUATIONS 103Corollary 2.2. Under the hypotheses and notation of Proposition 2.1,
we have Z T
0
Z
O
P ðRnÞR
y
n dx dt4cðE0; F ; T Þ for 05y5yðN Þ ð2:4Þ
independent of n:
Proof. In accordance with Hypothesis (1.4), we have
jP ðRÞj4cðz0Þð1þ RÞ þ R
Z R
jz0 jþ1
pðzÞ
z
dz
z
4cðz0Þð1þ RÞ þ pðRÞlogðRÞ
for all R large enough and the conclusion follows from Proposition 2.1. ]
3. THE EFFECTIVE VISCOUS PRESSURE
In accordance with the hypotheses of Theorem 1.1 and the estimates
presented in Section 5, we can assume
pðRnÞ ! pðRÞ weakly in L
1ðð0; T Þ  OÞ;
bðRnÞ ! bðRÞ weakly in L
1ðð0; T Þ  OÞ;
~un !~u weakly in L2ð0; T ;W
1;2
0 ðOÞÞ
8><
>:
passing to subsequences as the case may be. Here b is a non-linear function
as in (1.8).
The following result is due to Lions [8].
Proposition 3.1. Under the hypotheses of Theorem 1.1,
lim
n!1
Z T
0
Z
O
ðpðRnÞ  ðlþ 2mÞ div~unÞbðRnÞ dx dt
¼
Z T
0
Z
O
ðpðRÞ  ðlþ 2mÞdiv~uÞbðRÞ dx dt ð3:1Þ
for any bounded b 2 C1ðRÞ:
This is a remarkable property of the quantity p  ðlþ 2mÞ div u called
usually the effective viscous pressure. There are two alternative (but
intimately related) ways of proving Proposition 3.1}the original method of
Lions [8] based on regularity properties of commutators due to Coifman
et al. [1], and a compensated compactness like proof based on the Div-curl
lemma (see [4]).
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Now we focus on the defect measure osc introduced in (1.12).
Proposition 4.1. Let the pressure p satisfy Hypothesis (1.4).
Then we have
oscgþ1ðð0; T Þ  OÞ½Rn  R51: ð4:1Þ
Remark. Note that the conclusion of Proposition 4.1 does not imply
boundedness of the difference Rn  R in the space L
gþ1: On the other hand, as
we shall see below, it is a sufﬁcient condition for the limit functions R; ~u to
satisfy the continuity equation in the sense of renormalized solutions.
Proof. It follows from the hypotheses imposed on the pressure p that
pðzÞ ¼
a
2g
zg þ r1ðzÞ þ r2ðzÞ;
where r1ðzÞ is continuous and non-decreasing and r2ðzÞ is uniformly bounded
on ½0;1Þ:
Similarly as in [4], we can write
lim
n!1
Z T
0
Z
O
pðRnÞTkðRnÞ  pðRÞTkðRÞ dx dt
¼ lim
n!1
Z T
0
Z
O
a
2g
RgnTkðRnÞ 
a
2g
RgTkðRÞ dx dt

þ
Z T
0
Z
O
r1ðRnÞTkðRnÞ  r1ðRÞTkðRÞ dx dt
þ
Z T
0
Z
O
r2ðRnÞTkðRnÞ  r2ðRÞ TkðRÞ dx dt

: ð4:2Þ
Here
lim
n!1
Z T
0
Z
O
a
2g
RgnTkðRnÞ 
a
2g
RgTkðRÞ dx dt

¼ lim
n!1
a
2g
Z T
0
Z
O
ðRgn  R
gÞðTkðRnÞ  TkðRÞÞ dx dt
þ
a
2g
Z T
0
Z
O
ðRg  RgÞðTkðRÞ  TkðRÞÞ dx dt
5
a
2g
lim sup
n!1
Z T
0
Z
O
jTkðRnÞ  TkðRÞj
gþ1 dx dt

ð4:3Þ
COMPRESSIBLE NAVIER–STOKES EQUATIONS 105as z/zg is convex and Tk concave;
lim
n!1
Z T
0
Z
O
r1ðRnÞTkðRnÞ  r1ðRÞTkðRÞ dx dt50 ð4:4Þ
since both r1 and Tk are non-decreasing; andZ T
0
Z
O
r2ðRnÞTkðRnÞ  r2ðRÞ TkðRÞ dx dt


4 sup
z50
jr2ðzÞj lim sup
n!1
jjTkðRnÞ  TkðRÞjjL1ðð0;T ÞOÞ ð4:5Þ
as r2 is bounded.
On the other hand,
lim
n!1
Z T
0
Z
O
div~unTkðRnÞ  div~uTkðRÞ dx dt
4 sup
n51
jjdiv~unjjL2ðð0;T ÞOÞ lim sup
n!1
jjTkðRnÞ  TkðRÞjjL2ðð0;T ÞOÞ: ð4:6Þ
By virtue of Proposition 3.1 (for b ¼ Tk), the left-hand side of (4.2) is
equal to that of (4.6), and, consequently, we get (4.1). ]
Now, applying [4, Proposition 7.1] we get the following:
Corollary 4.1. Under the hypotheses of Theorem 1.1, the limit functions
R; ~u solve (1.1) in the sense of renormalized solutions, i.e., (1.7) holds in
D0ðð0; T Þ  RN Þ for any b as in (1.8) provided R and ~u are prolonged to be zero
outside O:
5. PROPAGATION OF OSCILLATIONS}PROOF OF THEOREM 1.1
To measure the amplitude of possible oscillations of the density sequence
Rn; we use the defect measure dft deﬁned in (1.13). Let us remark that, in
accordance with our hypotheses, one has
Rn ! R in Cð½0; T ; L
g
weakðOÞÞ;
TkðRnÞ ! TkðRÞ in Cð½0; T ; L
a
weakðOÞÞ; a51;
(
Moreover, by virtue of Corollary 4.1, both Rn and R are renormalized
solutions of (1.1) and, consequently,
Rn logðRnÞ ! R logðRÞ in Cð½0; T ; L
a
weakðOÞÞ; 14a5g;
R logðRÞ 2 Cð½0; T ; LaweakðOÞÞ; 14a5g:
(
EDUARD FEIREISL106In particular,
dft½Rn  R 2 C½0; T ; dft½Rn  Rð0Þ ¼ 0: ð5:1Þ
Our goal is to show that, in fact, dft vanishes on the whole interval ½0; T 
which is equivalent to the strong ðL1Þ convergence of Rn:
Similarly as in [4], consider a family of approximate functions
LkðzÞ ¼
z logðzÞ for 04z4k;
z logðkÞ þ z
R k
z TkðsÞ=s
2 ds for z5k:
(
It is not difﬁcult to see that LkðzÞ ¼ bkzþ bkðzÞ where bk are as in (1.8), and
L0kðzÞz LkðzÞ ¼ TkðzÞ:
Since both Rn and R are renormalized solutions of (1.1) on I  R
N and
(1.11) holds, we deduce
Z
O
ðLkðRnÞ  LkðRÞÞðtÞ dx ¼
Z t
0
Z
O
TkðRÞdiv~u  TkðRÞ div~un dx dt
þ
Z t
0
Z
O
ðTkðRÞ  TkðRnÞÞdiv~un dx dt
for any t 2 ½0; T :
Passing to the limit for n!1 and making use of Proposition 3.1, we
obtain
Z
O
ðLkðRÞ  LkðRÞÞðtÞ dx ¼
Z t
0
Z
O
ðTkðRÞ  TkðRÞÞdiv~u dx dt þ
1
lþ 2m
 lim
n!1
Z t
0
Z
O
pðRÞ TkðRÞ  pðRnÞTkðRnÞ dx dt: ð5:2Þ
In accordance with our hypotheses, the function p can be written as
pðzÞ ¼ r3ðzÞ  r4ðzÞ;
where r3 is non-decreasing on ½0;1Þ and r4 2 C2½0;1Þ is such that
r450; r4ðzÞ  0 for all z5Z
for a certain Z50:
COMPRESSIBLE NAVIER–STOKES EQUATIONS 107Thus making use of monotonicity of r3; we deduceZ
O
ðLkðRÞ  LkðRÞÞðtÞ dx4
Z t
0
Z
O
ðTkðRÞ  TkðRÞÞdiv ~u dx dt
þ
1
lþ 2m
lim
n!1
Z t
0
Z
O
r4ðRnÞTkðRnÞ  r4ðRÞ TkðRÞ dx dt:
Letting k !1 and making use of Proposition 4.1 we inferZ
O
ðR logðRÞ  R logðRÞÞðtÞ dx dt
4
1
lþ 2m
lim
n!1
Z t
0
Z
O
r4ðRnÞRn  r4ðRÞR dx dt: ð5:3Þ
Since r4 is twice continuously differentiable and compactly supported on
½0;1Þ; there exists L > 0 such that both z/Lz logðzÞ  zr4ðzÞ and z/Lz
logðzÞ þ r4ðzÞ are convex on ½0;1Þ: Consequently,
lim
n!1
Z t
0
Z
O
r4ðRnÞRn  r4ðRÞR dx dt4L
Z t
0
Z
O
R logðRÞ  R logðRÞ dx dt
þ
Z t
0
Z
O
ðr4ðRÞ  r4ðRÞÞR dx dt: ð5:4Þ
Since r4 is non-negative, we getZ t
0
Z
O
ðr4ðRÞ  r4ðRÞÞR dx dt4
Z Z
fR4Zg
ðr4ðRÞ  r4ðRÞÞR dx dt
4L
Z Z
fR4Zg
ðR logðRÞ  R logðRÞÞR dx dt
4LZ
Z t
0
Z
O
R logðRÞ  R logðRÞ dx dt: ð5:5Þ
Thus combining (5.3)–(5.5) we conclude
dft½Rn  RðtÞ4Lð1þ Z0Þðlþ 2mÞ
1
Z t
0
dft½Rn  RðsÞ ds for any t 2 ½0; T ;
whence, by virtue of the Gronwall lemma,
dft½Rn  R  0 on ½0; T :
EDUARD FEIREISL108In other words, the weak convergence Rn ! R commutes with application
of the convex function R logðRÞ; it therefore follows that the convergence is
strong in L1ðð0; T Þ  OÞ: The rest of the proof of Theorem 1.1 follows the
same line of arguments as in [4].
Theorem 1.1 has been proved. &
REFERENCES
1. R. Coifman, P. L. Lions, Y. Meyer, and S. Semmes, Compensated compactness and Hardy
spaces, J. Math. Pures Appl. 72 (1993), 247–286.
2. B. Ducomet, Global existence for a simpliﬁed model of nuclear ﬂuid in one space dimension,
J. Math. Fluid Mech. 2 (2000), 1–15.
3. B. Ducomet, E. Feireisl, H. Petzeltov!a, and I. Stra$skraba, Global in time weak solutions for
compressible barotropic self-gravitating ﬂuids, preprint 2001.
4. E. Feireisl, On compactness of solutions to the compressible isentropic Navier–Stokes
equations when the density is not square integrable, Comment. Math. Univ. Carolinae 42
(2001), 83–98.
5. E. Feireisl, A. Novotn!y, and H. Petzeltov!a, On the existence of globally deﬁned weak
solutions to the Navier–Stokes equations of compressible isentropic ﬂuids, J. Math. Fluid
Mech. 3 (2001), 358–392.
6. E. Feireisl and H. Petzeltov!a, Asymptotic compactness of global trajectories generated by
the Navier–Stokes equations of compressible ﬂuid, J. Differential Equations 173 (2001), 390–
409.
7. E. Feireisl and H. Petzeltov!a, On integrability up to the boundary of the weak solutions of
the Navier–Stokes equations of compressible ﬂow, Commun. Partial Differential Equations
25 (2000), 755–767.
8. P.-L. Lions, ‘‘Mathematical Topics in Fluid Dynamics, Vol. 2, Compressible Models,’’
Oxford Science Publication, Oxford, 1998.
9. P.-L. Lions, Bornes sur la densit!e pour les !equations de Navier–Stokes compressible
isentropiques avec conditions aux limites de Dirichlet, C.R. Acad. Sci. Paris, S!er I. 328
(1999), 659–662.
